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Abstract. The product of smooth valuations on manifolds is described 
in terms of differential forms, Gelfand transforms and blow-up spaces. 
It is shown that the product extends partially to generalized valuations 
and corresponds geometrically to transversal intersections. This result 
is used to prove a general kinematic formula on compact rank one sym- 
metric spaces. 
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1. Introduction 

Roughly speaking, a valuation is a finitely-additive functional on some 
system of sets. Classical examples are valuations on convex sets or on convex 
polytopes. Recently, a detailed study of valuations on manifolds was carried 
out in [31 m [71 El E] . On a smooth manifold X, one considers the system 
V of all compact submanifolds with corners and calls a finitely additive 
functional a valuation on X. Under an important, but technical assumption 
of smoothness, there is a surprisingly rich algebraic structure on the space 
of valuations on X. By [3 [5], the space V°°(X) of smooth valuations on X 
is an algebra satisfying a version of Poincare duality. 

Let us recall the main steps of that product construction. The product of 
polynomial convex valuations is constructed in [2], using the solution of P. 
McMullen's conjecture [jj. This product is then extended in [3j to smooth 
valuations on affine space. Then the product of smooth valuations on a 
general smooth manifold is obtained in ^ by gluing together the products 
from [3j on affine spaces in each coordinate chart. The major problem in 
this approach is to show that the product is independent of various choices 
involved: the construction of the product on affine spaces in [3] uses a very 
special and non-unique way of presentation of smooth valuations; the general 
case in [7j uses a choice of affine coordinate charts. In both steps analytical 
difficulties have arose, and in the second step [7] they were resolved using 
some geometric measure theory. 

In this paper we give a new construction of this product in different terms. 
This construction is motivated by the previous one, but has a number of 
advantages over it. First, it is more invariant, in particular independent of 
the coordinate charts. Second, the analytic difficulties arising in working 
with this construction seem to be easier. This allows us to obtain some 
applications of the new construction which will be discussed below. 

Let us describe our main results in greater detail. Let n := dimX and 
set Px := P+(T*X) for the cosphere bundle of X. First, we construct an 
exterior product, which associates to a smooth valuation on a manifold X 
and a smooth valuation on a manifold Y some (non-smooth) valuation on 
X xY and extends the exterior product constructed in [3]. For the notion 
of transversal sets and transversal valuations (denoted by Vtr{X x Y)), we 
refer to Section [H 

Theorem 1. Let X and Y be smooth manifolds. There exists a unique 
bilinear map 

M : V°°(X) X V°°{Y) Vtr{X X Y) 

with the following properties: 

(1) (Invariance under open embeddings) If (p : X' X and ip : Y' Y 
are smooth maps with open images and which are diffeomorphisms 
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onto their images, then for fii G V°°{X),fi2 ^ V°^{Y) and transver- 
sal P G ViX' X Y') we have 

{ill M ^2)((0 X ^){P)) = (0>i M ri^2){P)- (1) 

(2) (Affine case) If X andV are affine spaces, then fj.iMfi2 is the exterior 
product introduced in |3|. 

The product of two valuations on X is the restriction of the exterior 
product on the diagonal in X x X. Our main theorem describes the product 
explicitly in terms of differential forms and Gelfand transforms. Below we 
assume for simplicity of notation that X is oriented. 

A smooth valuation n on X can be represented by a pair of smooth 
differential forms {u,(j)) £ ^^"-^(Px) x as 

^(P) = / 00+ [ <P 
Jn{p) Jp 

for all compact manifolds with corners P. Here N{P) is the conormal cycle 
of P (which is an oriented closed Lipschitz manifold) . 

These forms are not unique. The pairs {u},(j)) which induce the trivial 
valuation are characterized in [16] using a second-order differential operator 
on contact manifolds, which is called Rumin operator and denoted by D 
(compare Theorem 12.11 in Section [2]). 

In Section [3] we will construct a double fibration 




Fx PxXxPx 

where P is some blow-up space over ¥x Xx and p, $ are natural projec- 
tion maps. 

This double fibration induces a Gelfand transform GT : 0,*(Px xx Px) 
il*^"'(Px) defined by GT =p*$*, where is the pull-back operation, and 
p=K is the operation of integration along the fibers. With qi,q2 '■ Px Xx ^x 
Px denoting the canonical projections; s : Px Px denoting the natural 
involution map; and vr : Px — X the projection map, our main theorem is 
the following. 

Theorem 2. Let X be an n- dimensional oriented manifold; let ^Uj € V°°{X) 
be represented by {LOi,(j)i) € r2"^^(Px) x r2"(X). Then the product fii ■ fi2 is 
represented by 

CO = GT{qloJi A q2Doj2) + A 7r*7r*W2 G ft'^'HFx), 
4> = 7r*(a;i A s*{Doj2 + tt*(I)2)) + 0i A tt^uj2 G ^""{X). 

Notice that the assumption on orientation of X may be removed, but the 
notation will become more complicated. Using the new construction of the 
product, we prove the following theorem. 
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Theorem 3. Let ^ he a smooth valuation on an n- dimensional manifold X. 
For an entire function f{z) = '^'^Lo^kZ^ ,o,k £ C, the power series 

oo 
fe=0 

converges to a smooth valuation denoted by f{n). 

Since the product on valuations satisfies Poincare duality, it is possible to 
introduce a class V^°°{X) of generalized valuations as a completion of 
with respect to some weak topology (see [5] for the details or Section 12.11 
below). Every smooth valuation is also a generalized valuation. Moreover, 
a manifold with corners A induces a generalized valuation Hp (A). It was 
conjectured in [6j that the product of smooth valuations can be partially 
extended to generalized valuations and that this extension corresponds to 
transversal intersections. We show a version of this conjecture by proving 
the following two theorems. 

Theorem 4. There exists a partial product on V^°°{X) which is commuta- 
tive and associative and extends the product of smooth valuations. 

We refer to Theorem 18.31 for the precise conditions under which the prod- 
uct of two generalized valuations exists. 

Theorem 5. If P^-^\ P^'^'^ are compact submanifolds with corners which in- 
tersect transversally, then the product of 'E'p{P^^'^) and 3p(P^'^^) exists and 
equals Hp(p(i) n p(2))_ 

In the case where X is real-analytic and p(i)^p(2) are subanalytic, we 
conjecture that an analogous statement holds true, but we were not able to 
prove it. 

The main application of this theorem is to the integral geometry of com- 
pact rank one symmetric spaces. If X = G/H is a compact rank one sym- 
metric space, then the space V°°(X)^ of smooth G-invariant valuations has 
a finite basis ipi, . . . ,ip]\[ and there are kinematic formulas 

N 

/ /i(Pi n gP2)dg = c';.^i{Pi)^j{P2), Pi,P2^ V. 
They can be encoded by the map 

N 

Let niG : V°°(X)'^(g)V°°(X)<^ V°°{X)'^ denote the multiplication map. 
Consider the bilinear map V°°{X)'^ (g) V°°{X)'^ C given by -0) ^ {<P ■ 
ip){X). By the Poincare duality this is a non-degenerate pairing. Consider 
the induced map pa- V°°(X)^ ^ V°°(X)^*. 
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Theorem 6. The following diagram commutes 

ycof^Xf — > V°^{Xf* 

V^{X f (g) V^{X)^ pcrna^ V°^{X f* ® V^{X)^* 

Thus the coefficients of the kinematic formulas are closely related to the 
product structure on the space of smooth valuations. A similar theorem in 
the affine, translation invariant case was proved in [T7]. It was the starting 
point to write down in an explicit form all kinematic formulas for the groups 
U{n) [18J, SU{n) [H], G2 and 5pm(7) [15j. 

Remark 1.1. Compact rank one symmetric spaces have been classified by 
E. Cartan (see e.g. [25], [I9]J. Cartan's list of simply connected compact 
rank one symmetric spaces is as follows: 

S",CP",]HIP",Cap2 = F4/Spin{9). 

Plan of the paper. In Section [2] we collect some important material on 
valuations and geometric measure theory. The blow-up spaces which will 
be needed in the paper are constructed in Section [3l In Section U] we in- 
troduce transversal sets and transversal valuations and prove a formula for 
the Minkowski sum of a transversal set with a product set. The exterior 
product of smooth valuations is constructed in Section [5j The construction 
of the product is contained in Section [6l Section [7] contains the proof of 
Theorem [3l The partial extension of the product to generalized valuations 
is contained in Section [HI where we give precise conditions under which the 
product exists. It is shown in Section [9| that these conditions are satisfied 
in the case of a transversal intersection of manifolds with corners and that 
Theorem [5| holds. The integral geometry of compact rank one symmetric 
spaces is studied in Section \T0\ which contains the proof of Theorem [Gj 
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2.1. Smooth valuations on manifolds. The general reference for smooth 
valuations on manifolds is the series of papers O HJ [71 [5] as well as the survey 
[6]. 

A valuation on a smooth manifold X is a functional fi on the space 'P{X) of 
compact manifolds with corners which is finitely additive. Roughly speaking, 
/i is called finitely additive if it satisfies an inclusion-exclusion principle 
whenever it makes sense, see [4J for the precise definition. 

Let us now suppose that X is an oriented, n-dimensional manifold. Every 
P £ 'P{X) admits a conormal cycle N{P), which is a closed Legendrian n—1- 
dimensional Lipschitz submanifold of the cosphere bundle Px := ¥-\-{T*X). 
The orientation of N{P) is fixed in such a way that 

Tr^N{P) = dP, (2) 

where it : ¥x X is the projection map. 

A valuation /i on X is called smooth if it can be represented by differential 
forms u € Q"'~^{Fx) and (f) £ in the following way: 

KP) = I w + / 

JN(P) JP 

The support of a valuation is defined in the obvious way. If fj, is compactly 
supported, then by [5], Lemma 2.1.1, one can choose u and cj) to be compactly 
supported as well. The integration functional 

j : V^iX) C 

is defined by J fJ- ■= [4>] G = C. Slightly oversimplifying, / A* = fJ-iX). 

Let s : Fx Fx,{x,[^]) i-7> (x, [— ^]) be the natural involution on Fx- 
If a smooth valuation fi is represented by {uj,(j)), then ((— l)"'s*c<j, (— 1)"(/)) 
represents a smooth valuation cr/i. The involution a : V°°{X) — ?> V°°{X) is 
called Euler-Verdier involution (see [1], Section 3.3). 

The pull-back of a smooth valuation /i under a diffeomorphism : X' — ?> 
X is defined by 

^*^x{P) := i,{4>{P))- 

The space V°°{X) carries a natural commutative and associative product. 
Its construction is involved: first a product on smooth valuations on an 
affine space is constructed in j2] and [3] (using the solution of P. McMuUen's 
conjecture [l]). Then it is shown in |7j that it can be extended to smooth 
valuations on an arbitrary manifold X by using local charts. The hard part 
of this construction is to show that the result is independent of all choices. 
In Section [6] we will give a much simpler construction of the product which 
works on the level of differential forms. 
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One interesting property of the product is the following Poincare duality: 
the pairing 

V~(X) X V^{X) C, 

(^1,^2) ^ j ^J'l■ ^J'2 

is perfect [5] (see also [13] for a simpler proof). Setting 

V-^{X) := (V~(X))* 
one gets an embedding with dense image 

Elements ofV~°°{X) are called generalized valuations. There is a canonical 
embedding with dense image 

Er:ViX)^V-°^{X), 

P ^ [l^ ^ f^{P)]. 

2.2. The Rumin operator. Let M be a contact manifold of dimension 
2n — 1. Recall that this means that M is given a smooth distribution of 
codimension 1 (i.e. a smooth field of hyperplanes in the tangent bundle) 
which is completely non-integrable. More explicitly, locally there exists a 1- 
form a such that the field of hyperplanes is equal to ker a with the property 
that a A da^~^ ^ 0. This form a, which is called contact form, is unique up 
to multiplication by a non-vanishing smooth function. 

A form uj E Vt*[M) is called vertical if it vanishes on the contact distri- 
bution. Given a local contact form a, oj is vertical if and only if = a A 
for some </) G 0*(M). 

Given uj £ Cl^~^(M), there exists a unique vertical form u' G such 
that d{uj + uj') is vertical (see [27]). We define the projection operator Q : 
ri"-^(M) n'^-^{M) by setting Qu := oj + lv'. This operator is a first 
order differential operator containing vertical forms in its kernel. The Rumin 
operator is the second order differential operator 

D:=doQ: ft'^-^M) J1"(M). 

The Rumin operator is the main ingredient in some differential complex, 
called Rumin-de Rham-complex, whose cohomology is isomorphic to the de 
Rham cohomology [27]. We shall not use this isomorphism in the sequel. 

If X is a smooth manifold, the cosphere bundle ¥x '■= P+(r*X) is defined 
as the quotient of the cotangent bundle T*X with the zero section removed 
by the natural action of the multiplicative group M>o of positive real num- 
bers. This space Fx carries a natural contact structure. Let n : ¥x — >■ X 
denote the projection map. The link between smooth valuations and the 
Rumin operator D is given by the following theorem. 



8 



SEMYON ALESKER AND ANDREAS BERNIG 



Theorem 2.1. [16] The smooth valuation represented by (w, (p) € il" ^{Fx)x 
is trivial if and only if 

Doj + 7r*(/> = 0; (3) 
■K^uj = 0. (4) 

The first condition is a second order differential equation, while the second 
condition is a topological condition. 

2.3. Geometric measure theory. We refer to [21] for all notions from 
geometric measure theory. 

In order to fix the notation, we just recall some of the most important 
definitions. Given an oriented Lipschitz manifold M, the current integration 
over M will be denoted by [[M]], or just by M. 

The boundary of a A:-dimensional current T is the k — 1-dimensional cur- 
rent dT such that dT{uj) = T{dw). For M as above, d[[M]] = [[dM]]. A 
current T with dT = is called a cycle. The support spt T is defined in the 
usual way. The space of /c-dimensional currents on X is denoted by Vk[X). 

If / : X — > y is a smooth function (or just a Lipschitz function) such 
that /Isptr is proper, then one can define the push-forward /*T, which is a 
current on Y . 

We will need the following simple fact: if T is a A;-dimensional current of 
finite mass on a Riemannian manifold X, then there exists a measure ||T|| 
on X and a simple fc-vector field T such that ||T|| = 1 a.e. and 

T{oj)= [ {u},f)d\\T\\, ujen''{X). 
Jx 

In particular, rectifiable currents have such representations. In this case 
T spans the tangent space of sptT at ||r||-almost all points. 

We recall that an integral current is a rectifiable current whose boundary 
is also rectifiable. The space of integral currents of degree k is denoted by 
Tk{X). 

We will use at several places the following lemma. 

Lemma 2.2. Let X be a smooth manifold of dimension n, P & T^i^) 
and N(P) € I„,_i(Px) its normal cycle. Assume that the boundary dP is 
connected. If T £ I„_i(Px) is a cycle with sptT C sptA^(P), then there 
exists an integer m with T = mN[P). 

Proof. The support of N{P) is some finite union of open manifolds Mi which 
is homeomorphic to dP and hence to an n — 1-dimensional sphere. If we 
orient the Mi correctly then N{P) = EJ[Mi]]. 

Let T S Tn-i(^x) be a cycle with sptT C UiMi. Applying the constancy 
theorem from geometric measure theory (|21j. 4.1.31) to the restrictions 
T\Mi, we get T = ^jW.j[[Mj]] with some integers m^. Since dT = 0, the 
mj's are all equal. □ 
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2.4. Wave fronts. We recall the main properties of the wave front of a 
generalized function referring for more details to |26j or p4], Ch. VI. 

Let X be a smooth manifold (always countable at infinity, in particu- 
lar paracompact). Let £ X he a finite dimensional vector bundle; for 
definiteness we assume that £ is a complex bundle though for real bundles 
the theory is exactly the same. We denote by C°°{X,£) the space of C°°- 
sections of It is a Frechet space with topology of uniform convergence on 
compact subsets of X of all partial derivatives. We denote by C^{X, £) the 
space of C°°-sections of £ with compact support. Naturally C^{X,£) is a 
locally convex topological vector space with topology of (strict) countable 
inductive limit of Frechet spaces. The inclusion 

C^{X,£) ^ C°°{X,£) 

is continuous and has dense image. 

Let us denote by \ujx\ the line bundle over X of complex densities; thus 
the fiber of \ojx\ over a point x € X is equal to the one dimensional space 
of complex valued Lebesgue measures on the tangent space TxX. 

We have a separately continuous bilinear map 

C°^{X,£) X C^{X,£* (g) \ujx\) C 

given by {f,g) ^ Jxif^d)- This map is a non-degenerate pairing. In other 
words the induced map 

C^{X,£) ^ {C^{X,£* 0\ujx\)y 

is continuous, injective and has a dense image when the target space is 
equipped with the weak topology. 

Definition 2.3. The space {C^{X,£* (8) |ciJx|))* is called the space of gen- 
eralized sections of £. It is denoted by C''°°{X,£). 

Thus C°°(X,£') C C-~(X,£'). Generalized sections of the trivial line 
bundle are called generalized functions. Generalized sections oi £ = \ujx\ 
are called generalized densities. 

Remark 2.4. In our previous notation, the space of generalized functions 
is T>n{X) where n = dimX. 

A main technical tool in the following will be wave front sets. We will not 
reproduce here their definition, but summarize only the main properties of 
it relevant for our applications. 

Proposition 2.5. (I26] or [M], Ch.VI%3). 
LetuG C-'^{X,£). 

(i) The wave front WF(u) is a closed MyQ-invariant subset ofT*X\0, 
where denotes the zero-section. 

(ii) WF(ii) = % if and only if u is infinitely smooth. 
(iii) 

WF{u mv) C (WF(u) X WF{v)) U (WF(u) x 0) U (0 x WF{v)) . 



10 



SEMYON ALESKER AND ANDREAS BERNIG 



Let f : Y ^ X he a smooth map, £ X he a. vector bundle. Then one 
has the obvious puh-back map on smooth sections 

/*: C°^{X,£) C^{YJ*8). 

It turns out that /* can be extended in a natural way to some general- 
ized sections of £ satisfying appropriate assumptions. Now we are going to 
discuss these assumptions referring for details to [21], Ch. VI §3. 

Let us fix a closed conic subset A C r*X\0. Let us consider the linear 
subspace C^°°(X, £") C C^°°{X,£) consisting of generalized sections of £ 
with the wave front contained in A. The space C]^°°{X,£) has certain 
natural locally convex topology which is stronger than the weak topology 
induced from C~°°{X,£) (notice that if A = r*X\0 then both spaces are 
equal as topological vector spaces). 

Definition 2.6. Let A C T*X\Q he a closed conic subset. A smooth map 
f : y — )■ X is transversal to A if for any ^ € Tj^^-^X D A one has dfy{^) ^ 0. 

Note that a submersion is transversal to each A C T*X\Q. 

Proposition 2.7. // a smooth map f : Y ^ X is transversal to a closed 
conic subset A C T*X\0 then there is a unique linear continuous map, also 
called pull-back, 

f*:CX'^iX,£)^C^^Tj,iY,f*£) 

where 

df*{A) := {{y,r,) G T*Y\r, e df;{A\j^y))} 

whose restriction to smooth sections of £ is equal to the pull-back on smooth 
sections discussed above. 

We denote by T^M the conormal bundle of any smooth submanifold 
AcM. 

Remark 2.8. Let Y be a closed submanifold of X, and f:Y — )• X be 

the identity imbedding. Then Proposition \2. 7\ says in particular that f*u is 
defined provided 

WF(n) n T^X = 0. 

From Proposition 12.51 and Remark l2.8l one can easily deduce the following 
result on product of generalized sections (see [24], Ch. VI §3, Proposition 
3.10). Below we denote by s : Fx — > Pjc the involution s{{x, [S])) = {x, [— ^]), 
and for a subset Z C Fx we denote by the image s{Z). 

Proposition 2.9. Let £±,£2 X be two vector bundles. Let Ai,A2 be 
closed conic subsets ofT*X\0. Let us assume that 

AinA| = 0. (5) 

Let us define a new subset A C T*X\0 such that for any point x G X 

AU = (AiU. + A2U)UAiUuA2U. (6) 
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Then A is also a closed conic subset, and moreover there exists a unique 
bilinear separately continuous map 

whose restriction to smooth sections is the tensor product map. 

We will need two further technical propositions. 

Proposition 2.10. Let A be a smooth submanifold of M. Let Ma denote 
the oriented blow up of M along A (see Section\^ below). Let f : Ma — > M 
be the natural map. Let T S T){M). Then f*T G T>{Ma) is defined provided 

TIM n WF(r) = 0. 

Proof. Let x £ M4. If x ^ /"^(A) then clearly f*T is well defined in a neigh- 
borhood of X. Thus let us assume that x G f~^{A). Let ^ € WF(T)|j(^.). 
We have to show that {df)*£, € T*Ma does not vanish, or, equivalently, that 
the restriction of ^ to df{TxMA) does not vanish. 

Since dfiT^MA) is a (dim74-|-l)-dimensional subspace of Tj^^-jM contain- 
ing Tj(^j.^A, the assumption implies that the restriction of ^ to Tj(^.)^ does 
not vanish. □ 

Proposition 2.11. Let Ma ^— > M — ^ R be smooth maps where f is the 
oriented blow up map as in Proposition \2.lOl and g is a submersion. Then 
{gf)*T is well defined provided the following condition is satisfied: 
for any a £ A and any ^ G WF(T) fl T*^^^R the restriction of C, to dg{TaA) 
does not vanish. 

Proof. Since g \s a submersion, g*T is defined, and by Proposition 12.71 

WF(9*r)Uc(d5a)*(WF(r)|,(,)). (7) 
By Proposition 12.101 f*(a*T) is defined provided 

TXM n WF(5*T) = 0. 
By d?]) this condition is satisfied provided that for any a £ A 

(rlM)Un(a!<7ar(WF(T)|,(,)) = 0. 
The last condition is equivalent to the assumption of the proposition. □ 

Now let us discuss the push-forward of generalized sections. Let f : Y ^ 
X be a smooth proper map. Let if —> X be a smooth vector bundle as above. 
One can define the push-forward map 

/. : C-°°(y, f*{£ \ooxn ® \ooy\) ^ C-°°(X, £) 

as the dual map to 

r : C^{X,£* \u;x\) ^ C^iY,f*{£* ® M))- 

Note that /* indeed takes compactly supported sections to compactly 
supported ones due to the properness of our map /. 



12 



SEMYON ALESKER AND ANDREAS BERNIG 



Remark 2.12. Let us take £ = \ujx\- Then we get the push-forward map 
on generalized densities: 



In the case when f is a proper submersion, /* is integration along the 
fibers. 

For a closed conic subset W C T*Y\0 let us define a new conic subset 



df,W := {{x,7]) eT*X\0\3y e rHx) such that {y, df:{7])) £ W^V {0}}. 



Since / is proper, df^W is closed. 

One has the following result (see |24j . Ch. VI §3, Proposition 3.9). 
Proposition 2.13. Let W C T*Y\0 be a closed conic subset. Then 



is a continuous linear map. 

Later on we will need the following technical proposition. 

Proposition 2.14. Let X be a smooth manifold. Let a Lie group G act 
smoothly and transitively on X. Let £ ^ X be a G-equivariant vector 
bundle. Let T C T*X\Ox be a closed conic subset. Let u G C^^{X,£). 
Let {^j} be a sequence of smooth compactly supported measures on G with 
integral 1 and whose supports converge to the identity element e (z G. Then 



are smooth sections of £ which converge to u in Cp°°(X, £") as j — )• oo. 

Proof. The smoothness of uj follows from the transitivity of the action of G 
on X. Next, for simplicity of notation we will assume that £ is the trivial 
G-equivariant line bundle. Thus u € Gf°°{X) is a generalized function. 
Multiplying u by a smooth compactly supported function, we may assume 
that u has a compact support. 

Let us fix an arbitrary closed conic neighborhood Ti of F in T*X\Ox- 
Next we can find a compact symmetric neighborhood K oi e € G such that 
K {T n TT^^ {supp{u))) C Fi, where the action of G (and hence of K) on T*X 
is the induced one, and ttx : T*X ^ X it the natural map. 

Let px : G X X ^ X, pg'. G X X ^ G he the obvious projections. Let 
m : G X X X he the action map. Let us denote 



G-^{Y,\u;y\) ^C-^{X,\lox\). 



Gy^r{Y,f*{£(^\iOxn ^ \coy\) ^ C^fTwi^^^) 



Uj : = 




H ■= Phl^j e C°^{G X X,p*g\u;g\). 
Also we will consider only large j such that 

supp[iij) C K. 
Now let us observe the following identity 



Uj : = 
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It is easy to see that 

fij 6e in C;^^^qJG, \ug\)- 

Hence by Proposition 12.71 

H Ph^e in C^t7g\Og)xoJ'^ ^ X,p*a\ujG\)- 

But it is easy to see that (T*G x 0^^-) n (m*r) = 0. Then by Proposition 
12.91 we have a well defined product 

^(t7g\Og)xoJ^ X G,PhM) X C-r^{X xG)^ Cl^{X x (8) 

where A = {(y,^ + 77) | (y,ry) G m*T or t? = 0; (y,^) € T*G x Ox}- Also the 
product dSD is a separately continuous bilinear map again by Proposition 

ESI 

Next the push-forward map px*- Cj^°°{X x G,Pq\u}g\) C^^{X) is 
continuous by Proposition 12.131 since one can easily see that dpx*iX) C Fi. 
Thus finally we deduce that for fixed u 

Uj = px*{lJ'j ■ m*u) — )• n in C^^{X). 

Since Pi was an arbitrary closed conic neighborhood of P, Uj — > u in 
Cp°°(X). The proposition is proved. □ 

2.5. Manifolds with corners. 

Definition 2.15. A closed subset P of an n- dimensional smooth manifold 
X is called a submanifold with corners of dimension k if any point p G P 
has an open neighborhood U 3 p and a G^ -diffeomorphism (f): U ^ M" such 
that for some r > 

Hp) = 0, 

(j)(p nU) = R'g' X OR„-fc 

where O^n-k is the zero element of M"^^. The set of suhmanifolds with 
corners is denoted by V{X). 

The number r is defined uniquely by the point p, but may depend on it. 
This r is called type of a point p. 

Example 2.16. (1) Any smooth submanifold of X with or without bound- 
ary is a submanifold with corners. 
(2) A convex compact n-dimensional polytope P C M" is a submanifold 
with corners if and only if P is simplicial, namely every vertex has 
exactly n adjacent edges. The vertices are precisely the points of type 
0. 

A submanifold with corners P d X has a natural finite stratification by 
locally closed smooth submanifolds as follows. For any integer r, < r < n 
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let US denote by Sr{P) the union of all points of type r. Then the Sr{P) are 
locally closed smooth disjoint submanifolds of X and 



This stratification of P will be called canonical stratification. 

Definition 2.17. Let P and Q be two closed submanifolds with corners 
of X. We say that P and Q intersect transversally if each stratum of the 
canonical stratification of P is transversal to each stratum of the canonical 
stratification ofQ. 

2.6. Double fibrations and Gelfand transform. Let tt : M ^ A he 

a smooth fiber bundle between oriented manifolds M and A with compact 
fibers. The fiber integration (vr^)* : 0*(M) ^*{A) decreases the degree 
of a form ^ by the dimension of the fiber, i.e. by I := dimM — dim A. It is 
defined by 



for all compactly supported diff^erential forms a on A. Other sign conven- 
tions can be found in the literature (e.g. [IQ]); the above one corresponds to 
the one in |9j. Note that the fiber integration changes its sign if we change 
the orientation of M or of A. 

It is easily checked that if M has no boundary then 



and that for a form a on ^ the following projection formula holds: 



dim P 



P= \J SriP). 



r=0 




d{{7TA)*fJ-) = {TTA)*dfl 



(9) 



(7rA)*(vr^a A /i) = a A (vr^)*//. 



(10) 



Lemma 2.18. Let 



N2 



Ml 



M2 




A 



be a diagram of smooth oriented fiber bundles. We set 



Ml Xa M2 := {(mi,m2) : vri(mi) = vr2(m2)} 



and 

Ni Xa N2 := {(ni, n2) : tti o pi{ni) = vra o P2(«2)}- 
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Let pi,P2 be the natural projections from Mi M2 to Mi and M2; let 
Qi , Q2 be the natural projections from Ni xa N2 to Ni and N2 . Then for 
ui G n''^{Ni) and U2 £ n''''{N2) we have 

{pi>cp2Uli^l/\q*2^2 = {-l)^''''^''''-''''^^''^^'^^^^ 
Definition 2.19. A double fibration is a diagram 

M 





A 



B 



where 



(1) TTA '■ M ^ A and ttb : M B are smooth fiber bundles; 

(2) tta x T^B ■ M ^ A X B is a smooth embedding. 

The Gelfand transform of a differential form /3 on i? is tfie form GT(/3) := 
(7rA)*7r|j/3. 



Lemma 2.20. Let 



■KB 

M >B 



Pm 



PB 



TTgl 

M' >B' 

be a cartesian square (i.e. M ~ M' x^' B as oriented manifolds). Then for 
P G Vt*{B) 

{pm)* o 7r^/3 = TT^, o {pb)*P. 

From the lemma, one gets the following functorial property of the Gelfand 
transform ([8], Thm. 2.2). 
Let 



A^ 



M- 



■KB 



^B 



PA 



■Kj^l 



PM 



■Kgl 



PB 



A' < M' > B' 

be a morphism of double fibrations (i.e. a commutative diagram of fibra- 
tions) such that the right hand part of the diagram is a cartesian square. 
Then, with GT = (tta)* o 7r% and GT' = (tt^/)* o n%, we have for /? G n*{B) 

ipA)*GT{f3) = GT'{{pB)*(3). (11) 

We now suppose that the left hand part of the above diagram is a cartesian 
square. Then for /3' G n*{B') 

GT{p%P') = p\GT'{p'). (12) 

Given a current T in A, the current tt^T on M defined by 

itaT{uj) := T{{tta)*u}) 
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is called the lift of T and was studied by Brothers [20] and Fu [22j . In the case 
of a product bundle M = Ax F, the lift of T is simply T x [[F]]. Moreover, 
lifting currents is natural with respect to bundle operations, increases the 
dimension by the dimension of the fiber and commutes with the boundary 
operator d li F is without boundary. 

Definition 2.21. The Gelfand transform of T is the current GT(T) := 
(7rB)*vr^r in B. 

3. Blow-up space 

Let X, Y be smooth oriented manifolds of dimensions n and m respec- 
tively. We set 

Px := p+(r*x),Py := p+(r*y),p := p+(r*(x x y)). 

¥x consists of pairs (x, [^]) where x G X, ^ G T*X \0, the brackets 
mean equivalence class with respect to the action of on T*X \ 0, and 
means the zero section of the cotangent bundle. Similarly, Py consists of 
pairs (y, [r/]) with y € Y and ry G T*Y \ {0}. Finally, P consists of triples 
{x,y, : rj]) with x G X, y G 1", ^ G T*X,ri G T*Y not both equal to zero. 
These manifolds are canonically oriented. 

We define canonical projection maps by the following diagram. 



X^ 



Qx 



Px X Py 



-^Py 



Px 



XxY ■ 



PY 



-^Y 



T^XxY 

P 

Let M.I = Fx xy C P be the submanifold consisting of triples {x,y, : 
0]) G P. Similarly, let A^2 = -'^ x Py consisting of triples (x, y, [0 : r/]). 
We set 

M := Ml UM2; 

clearly the union is disjoint. 

Now we are going to describe the oriented blow up of P along Ai. Let us 
consider the fiber bundle 

Po :=Pxxxy(Px xPy) 

above X xY. In other words, Pq is the set of 5-tuples {x,y, : ??], [£,'], [rj']), 
where x e X , y e Y , : rj] e F+iT^^y^{X x Y)), [C'] G P+(r*X) and 
[ry']GP+(T;y). 
Set 

Fl := {{x,y, : v], K], [v]) ■ i^,y, K : v]) € P\(A1i UA^s)} C Pq 
and P := cl(Po), where the closure is taken inside Pq. 
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The restriction of the natural projection Pq ~^ IP to P is denoted by 

L : P ^ P. 

Note that L Ipi : Pi ^ P \(7Wi U is a diffcomorphism. We orient P in 
such a way that L|pi is orientation preserving. 
We set 

Mi:=L-^{Mi), i = l,2 

and 

Note that 

Afi = {{x, y, [C : 0], [C], [r/]) : (x, [^]) G Px, {y, [v]) e Fy} ; 

Af2 = {{x,y, [0 : v], M) ■■ {x, m e Px, {y, [v]) e Fy} . 

In particular, there are natural diffeomorphisms Ti : Mi ^ Px x Py , z = 1, 2 
and 

diniTVi = dim7V2 = 2(n + m) - 2. 
The following diagram commutes. 

Mi^ 



Px xPy ^Px xY ^ Mi'^ >F. 

Lemma 3.1. P is a 2(n + m) — 1 manifold with boundary M . 

Proof. Take a sequence of points {xi,yi, [^i : rji], [^i], [rji]) in Pj, converging 
to a point {x, y, : 77], [^'], [ry']) € Pq \Po- Then either = and 77' = ry) or 
(r/ = and = $,)■ In the first case, the limit point is in A/i , in the second 
case it is in ^2- Therefore, 

Po = Pj uM. 

Let us next show that a neighborhood of A/i is diffeomorphic to an open 
subset of Px X Py x]R>o. For this, wc choose Riemannian metrics on X 
and Y. They induce metrics on the cotangent bundles. A neighborhood of 
A/i in Pq consists of points of the form {x,y, : r]'], [$], [rj]) with ^,77 7^ 

and T]' = Xrj for some A > 0. Sending such a point to ^ic, W, ''plf) ^ 
Px X Py xR>o gives the diffcomorphism we looked for. The image of A/i 
under this diffcomorphism is Px x Py x{0}. 

One can prove in a similar way that a neighborhood of J\f2 is diffeomorphic 
to Px x Py xR>o, with M being sent to Px x Py x {0}. □ 

Note that M = d¥ inherits an orientation from the orientation of P and 
that Tj is orientation preserving. 
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We define a map $ by 

The restriction of ^ to J\fi is tfie diffeomorphism Tj. 

4. Transversal subsets in X x y 

Let Z be a smooth manifold. Let P G ^{Z). Let us have few remarks on 
the structure of the normal cycle N{P). First notice that in general N{P) 
is not a smooth submanifold (even not with corners), but it is a Lipschitz 
submanifold which can be "stratified" in a nice way as explained below. 

As in Section [231 we denote by Sr{P) the subset of P of points of type r. 
We have 

dim P 
P= \J Sr{P). 
r=0 

Each Sr{P) is a locally closed smooth submanifold of P of dimension r 
(without corners or boundary). Let us represent it as a union of its connected 
components 

Sr{P) = SHP)i\---U^riP)- 

Let us denote the closure 

N^iP) ■.= N{P)nn,HSUP)) 
where ttz '■ Pz — > ^ is the natural projection as usual. Clearly 

dim P Ir 

^ip)= U U^'(^)- 

r=0 j=l 

Moreover any Nr{P) C Pz is a compact submanifold with corners of di- 
mension dim A^i?(P) = dimZ — 1(= dimA^(P)). They have pairwise disjoint 
relative interiors. 

Let us consider all the strata of the canonical stratification of all Nr{P)'s. 
Let {Si} I denote the (finite) collection of all connected components of all 
these strata. Thus N(P) is a disjoint union 

N{P)=[_\Si. 

I 

Moreover each Nr{P) is a disjoint union of some subfamily of the 5/'s. 

Notice that Si are locally closed smooth submanifolds of ¥z whose closures 
5; are compact submanifolds with corners. Every stratum of the canonical 
stratification of Si is equal to a union of some other Sj^s. 

We can define the smooth part N''^"^{P) of N{P) by setting 

iV^™(P) := □ Si. 

dimSi=dimN{P) 
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^^""(P) is open and dense in N{P). The complement N{P)\N''^{P) has 
codimension > 1 in N(P). 

In what fohows we wih apply these notions for a product manifold Z = 
X xY. 

Definition 4.1. A set P € V^X x Y) is called transversal if the smooth 
submanifold M C fxxY (defined in Section\^ intersects transversally all 
the strata Si of N{P). 

Let us denote by N{P) the closure of the preimage in P of N[P)\M. 
Since P is a transversal set, N{P) can be described as follows: 

I 

where Si is the oriented blow up of Si along A4 Ci Si which is well defined 
because Si is a locally closed smooth submanifold of PxxV intersecting Ai 
transversally; also there is a natural imbedding Si C F. It is easy to see 
that Si are locally closed submanifolds with boundary in P. Their closures 

Si are compact submanifolds with corners. Moreover the intersection of 
any number of them is again a compact submanifold with corners, and 
any connected component of any stratum of the canonical stratification of 
such an intersection is equal to a connected component of a stratum of the 
canonical stratification of some single Sj. 

N(P) C P is a Lipschitz submanifold with boundary. In order to describe 
its boundary let us denote 

iV,(P) := N{P)nMui = l,2, 

these are oriented Lipschitz manifolds of dimension n + m — 2. Ni{P) can 
be stratified as 

Ni{P) = [_\iSinMi) 

I 

where Si fl Afi are locally closed smooth submanifolds. Define the smooth 
part of A^i(P) by 

iVr(P):= □ {Sln^^^). 

dimSi=dimN{P) 

A^/™(P) is open and dense in iVi(P). The complement Ni{P)\Nf"'{P) has 
codimension > 1 in Ni{P). 

It is easy to see that 

dN{P) = Ni{P) + N2{P) (13) 

in particular in the sense of currents. 

In the case where X and Y are affine spaces, we can define transversal 
compact convex sets in an analogous way. 
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Definition 4.2. A transversal valuation is a functional fi which is defined 
on transversal sets P E V{X x Y) and which has the following valuation 
property: whenever Pi, P2, Pi Ci P2, PiU P2 € 7^(X x Y) are transversal sets, 
then 

/x(Pi u P2) + ;u(Pi n P2) = M^i) + ^(Ps). 

The space of transversal valuations is denoted by Vtr {X xY). 

Lemma 4.3. Let coi G il*{Fx) be a vertical form and U2 G Q,*{¥y) an 
arbitrary form. Then, for transversal P G V{X x Y), 

/ Ti (g^c^i A gya;2) = 0. 

In particular, this holds if oJi = t^*x<Pi for some (pi G Q'^{X). 

Proof. If V is a tangent vector to Nl"\P), then dL{v) G TP is tangent 
to iV*"^(P) and thus horizontal. This imphes that d{qx o ti)v G TFx is 
horizontal and the assertion follows. □ 

Lemma 4.4. Let P G V{X x Y) be transversal. Then 

{{idXTrY)oTi),Ni{P) = 0, (14) 

{{7rxXid)oT2),N2{P)=0. (15) 

Proof. Let us prove the first equation. The tangent plane to Nf"^{P) C A/i 
at a point {x,y, [^^ : 0], [^,], [rj]) G J\fi is generated by lifts of tangent vectors 
at {x,y, : 0]) of N'^'^{P) n Mi and by vectors which are tangent to the 
fiber L~^{x, y, : 0]). The latter are in the kernel of {id x vry) o n. 

If m > 1, then it follows that {{id x Try) o ti)*Ni{P) = 0. 

In the case m = 1, we consider the involution 

SY -.Mi^ Ml, 
{x,y, [C:0],[C],W)^(x,2/,[^0],[C],[-r/]). 

Then sy switches the orientation of the fiber of L and 

(sy)*A^l(P) = -Ni{P). 

Applying ((zd x Try) o n)* to this equation yields 

{{id X Try) o Ti)^Ni{P) = -{{id X Try) o ri)*A^i(P) 

and we are done. The proof of the second equation is similar. □ 

Let us assume that X,Y are vector spaces and that A G IC^"^{X) (the 
space of compact convex subsets of X with smooth boundary and positive 
curvature) and B G /C*"*(y). Let Ha : X* R and Hb : Y* ^ R denote the 
support functions. They are smooth outside the origin and 1-homogeneous. 
In particular the maps ^ >-)• d^hA and rj 1— )• drihs are homogeneous of degree 
0, hence well-defined on Px- 
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We define Ha, Hb hy 

ix,[C]) ^ {x + d^hA,[C]), 
Hb -.fY ^ 
{y,[v]) ^ {y + d^hB,[v])- 
Let us introduce tlie following maps: 

H -.F^F 

(.x,y, : ri], [^'], [t]']) (x + d^'hA,y + drj'hB, : v]) 

Hi : [0, l]xMi^ Ml 
{t,x,y,[^ : 0],[C],M) ^ {x + d^hA,y + tdrjhB,[C : 0]) 

H2 : [0, 1] X M ^ M2 
{t,x,y,[0 : ??], [C], [??]) ^ {x + tdi:hA,y + dnhB,[0 : r/]). 
Then we have the following commutative diagram: 



(16) 



Fx X Fy > X xY 



Proposition 4.5. Let K C X x Y be a transversal compact convex set. 
Then for A G /^""(X) and B £ /C^'^(y) we have 

NiK + A X B) = H.NiK) - iHi)4[0, 1] x Afi(i^)) - (#2)*([0, 1] xN2iK)). 

(17) 

In particular, 

N{K) = UN{K). (18) 



Proof. Let T be the right hand side of ()17p . The composition of i/j with 
the inclusion Mi ^ [0,1] x J\fi,n i-^ (1) equals the restriction of H to A/i 
(i = l,2). 

Let iJf for i = 1, 2 and s = 0, 1 be the composition of Hi with the inclusion 
Mi ^ [0,1] X Mi,n I—)- {s,n). Then f/'j' is the composition of the map 
{id X Try) on with the map Fx xY Mi, (x, [^],y) {x + d^hA,y, ■ 0]). 
Lemma Sa implies that {H^)^Ni{K) = 0. Similarly, {H^)^N2{K) = 0. 

We have H} = H\j\f-. By the homotopy formula for currents, T is a cycle. 

Next, we will see that T is Legendrian. Since T is integral, it suffices to 
see that T annihilates vertical forms. 

The current H^N{K) is the image of the restriction of N{K) to P\A^ 
under the contactomorphism 

Ha^b = H o (l|p^_^) ~^ -.FXM^FXM 

{x, y, [C ■ v]) ^ {x + d(:hA, y + dr,hB, [C : rj]). 
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Since N{K) annihilates vertical forms, the same holds true for H^N{K). 
Let us consider the second term. We have a commuting diagram 



[0, 1] X Ml 

qxOTi 



Hi 



Ha 



where the vertical map on the right is given by {x,y, : 0]) i-)- (x, [S^]). 

If t> G r(3^.^j^j^.o],[^],[r,])AAi is a tangent vector to Nl"^{K), then {qx o Ti)^,t> 
is a horizontal vector in T^^, j^j) (see the proof of Lemma l4.3p . Noting 
that a tangent vector to TMi is horizontal if and only if its image in ¥x is 
horizontal and that ■ Pjf — > Pjf is a contactomorphism, it follows that 
{Hi)^:V is horizontal. 

Therefore the image under Hi of almost each tangent plane of Nf^{K) 
is contained in the horizontal distribution. This, together with the obvious 
fact that {Hi)^ (^) is a horizontal vector, implies that (^i)=i,([0, 1] xNi{K)) 
annihilates vertical forms. The last term is treated in a similar way. 

In order to prove (I17p . it remains to show that T and N{K + A x B) 
have the same support function. Let us recall some notation from [12]. Set 
V := XxY . We may identify P+(y*) with the space of oriented hyperplanes 
in V . Let B be the oriented fiber bundle over P4_(y*) whose fiber over a 
point : rf\ is given by the oriented line y/ker[^ : rf\. 

There is a natural map 

u:¥^B 
{x,y, : v]) ^ (a^,y)/ker[^ : r]]. 

Let 7r2 : P — 5- F^{V*) be the natural projection. Note that tt2°HaxB = '^2- 
Let TaxB '■ B ^ B he the translation map 

TAxB{{x,y)/^eT[i : rf\) = {x + d^hA,y + dr]hB) / kerlC : r]]. 

Then the following diagram commutes 



(19) 



B- 



Ta> 



^B 



The support function of a compact convex set K dV can be considered 
as a Lipschitz function hx ■ P+(y*) — > Io{B), where Io{B) is the space of 
0-dimensional integral currents on B, i.e. finite sums of delta distributions. 
More precisely, : rj] G F^{V*) is mapped to the delta distribution sup- 
ported at sup{m(x,2/, : ??])|(x,y) G K} G B. See [12] and [TT] for details. 
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The support function of a compactly supported integral Legendrian cycle 
T on P = P+(T*y) is the almost everywhere defined function 

hT:r+{V*)^Io{B) 

Here, the brackets (,) mean taking slice in the current-theoretic sense [21j . 
If r = N(K), then these constructions are compatible in the sense that 
hr = hx- 

Let, as before, T be the right hand side of <^3). Let : ?]] G F+{V*) be 
a generic point. In particular, ^ 7^ 0, 7^ 0. Then 

= u^HAxBUNiK), 7r2, [e : v]) (by [H], Thm. 4.3.2 (7)) 
= {TAxB)*hK{[^ : V]) (by m) 
= hK+AxB{[(. ■■ V]), 

where the last equation follows from the fact that support functions are 
additive with respect to Minkowski addition. We thus get that the support 
functions of T and of N{K + A x B) agree almost everywhere, which suffices 
to deduce that T = N{K + AxB). 

Equation ([TH]) follows from (fT7|) by taking A = B = {0}, in which case 
H = L. □ 



5. Exterior product 

The exterior product of smooth valuations on affine spaces X, Y is con- 
structed in [3]. If //I G V°°(X) is of the form ni{K) = + A) with 
A £ IC^"^{X) (i.e. A is a smooth convex body with strictly convex bound- 
ary) and (f)i a smooth density on X; and if /X2 G V°^(Y) is of the form 
u{K) = (j)2{K + B) with B G /^""(y) and (j)2 a smooth density on Y, then 

^jLmu{K):=^iX(t)2{K + AyiB), KeK{XxY). 

This definition was extended in [3], Lemma 4.1.1, to smooth valuations on 
affine spaces. 

In this section, we extend this exterior product to smooth valuations 
on arbitrary smooth manifolds X, Y . The construction is local, so we will 
assume for simplicity of notation that X and Y are oriented. 

Proof of Theorem [H Uniqueness is clear from Properties ([T]) and ([2]) . Let 
us prove existence. 

Let jJLi be a smooth valuation on X which is represented by {uji^ipi) G 
r2"~"^(Px) X Let furthermore H2 be a smooth valuation on Y, rep- 

resented by {UO2A2) G J^'"-i(Py) X Vr{Y). 
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Let qx,QY '■ Fx x^y — )• PxiIPy be the projection maps. Set n := 
dimX, m := dimy. Recall from Section[2]that Q is an operator on il""^(Px) 
(resp. fi"-^(Py)) and that D = doQ. 

Let us define forms in 0"+'"^^(P) by 

70 := ^*{q*xQ^i A q*Y{Di02 + 7r*Y(l)2)), (20) 

7^, := ^*{q*x{Du, + ^i(/>i) A g^Qcus), (21) 

K:=^*{q*x7r*x(PiAq*YQu;2), (22) 

k' := A gyvr^</'2). (23) 

Next, we define forms = 1,2 by 

li ■■= r:{q*xQ^i A q*YQiV2) G (24) 
For transversal P G 'P(X x Y) we define 

^iK/i2(P)= / (7o + (-1)"ac) + (-1)" / 71+ / p3f0iAp^</>2. (25) 
Jn{p) Jni{p) Jp 

We have to show that this definition is independent of the choices of 
uji,(j)i,i = 1,2. Since vertical forms are in the kernel of Q and D = do 
we may suppose that Quoi = oji and thus Duji = dwi,i = 1,2. 

Let us first prove that the exterior product is symmetric, namely taking 
into account the orientations, let us show that the following equation holds: 

/ (7o+(-1)"k)+(-1)" / 71 = / ((-l)"7^+'^')+(-ir"'' / 72. 

JN{P) JNi{P) Jn{P) JN2{P) 

(26) 

Since P ^ N{P),P ^ Ni{P),P ^ N2{P) are valuations, it suffices to 
show this equation for all P which are contained in some product U x V 
with U C X and V C Y contractible. Choose pi G f2"'~-^(C/) with dpi = (pi 
on U and p2 G S7™"i(y) with dp2 = h on V. Set 

70 := ^*{q*x{u^i+T^*xPi)MY{^2+T^YP2)) G J^"+"-2(Pn<I>-i(7r^^C/x^^V)). 
Then 

'^7o=7o+(-l)""So+«'*(gx('^'^i+'^i)A'7yP2) + (-l)"+'^*(9xPiA9y(d^2+</'2)) 

Integrating this equality over N{P) and using (jl3p and Lemma 14.41 
easily proves (p6]) . 

Next, we prove that the above product is well-defined, i.e. independent 
of the choices of (a;i,(/>i) and {002-, <f)2) ■ Suppose that {002-, 4>2) represents the 
zero valuation. By Theorem 1 of [16], we obtain 

duJ2 + vry</)2 = (27) 

and 

(vry)*W2 = 0. (28) 
Trivially, it follows that 70 = 0. 
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Working locally as above, me may assume that 4)2 = dp2 for some p2 G 
Qrn-i^yy r^Yien d{uj2 + 7r^y02) = Oil TTy^ {V) and, using dil]), there exists 
r G J7'"-2(Py nvTy V) with uj2 + -KyP^ = dr on TTy^iV). 

For transversal P £ V{U x V), 



I 71 = / Tl{q*xOJi ^ qydT) (by Lemma [33]) 
Jni{P) Jni{P) 

= (-1)" / ri*(gx^wi A gyr) (since 9iVi(P) = 0) 

Jni{P) 

= (by Lemma l4.3p . 



Next, we compute that 



r f ^+ f PX<Pl ^PY<t^2 = {-IT i ^+ (-1)" / P*x^i ApyP2 
JN(P) JP Jn{P) JdP 

= i-ir i + (-1)" / A 7:*yp2) 

Jn{p) Jn{p) 

Jn(p) 



Ni{P) 



'N{P) 
Tl{Q*x'^*xh A qyT) 



+ / r^{qxT^*x(l^i^QYr) 
JN2{p) 

(by Lemma |331 and ^ ) . 



We deduce that the right hand side of (|25]) is independent of the choice 
of {uj2,4>2)- Taking into account (126p . similar arguments show that it is also 
independent of the choice of (wi , 0i ) . 

Property ([T]) follows from the construction. Let us check Property ([2]). 
Suppose that X and Y are affine spaces, pi is given by pi{K) = 4>i{K + A) 
with A G /C*™(X) and 0i a smooth density on X] p2{K) = (j)2iK + B) with 
B G /C'*'"(y) and (j)2 a smooth density on Y. 

We fix pi G 17"-i(X) with dpi = (pi. Similarly, let p2 G n"^-^{Y) with 

(ip2 = <A2- 

The normal cycle K + A is given by 



N{K + A) = Ha{N{K)). 



(29) 
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Using this equation, and the relation {'irx)*N{K) = dK for ah compact 
convex K C X, we obtain 



K+A 

Pi 

d{K+A) 
N{K+A) 

Jn{k) 

It fohows that the form Cji := H\ttxPi G Q^~^{Fx) represents fii. Sim- 
ilarly, u}2 '■= H*^-KyP2 S $7™~"'^(Py) represents ^2- Note that, with Ha and 
Hb being contactomorphisms, dwi is vertical. 

Define a homotopy 

Ha ■■ [0, l]xFx-^X 

{t,x, [^]) i-> X + td^hA 

between -irx ° Ha and irx ■ 
Then 

[[K + A]] = [[K]] + (^^).([0, 1] X N{K)). (30) 

Let rx ■■ [0, 1] x ^ ^x, ry : [0, 1] x Py ^ Fy and : [0, 1] x TVi ^ 
Mi,i = 1,2 denote projections. 

Lemma EH] (with A = Mi := {0}, iVi := [0, 1], Ah = N2 := Fx,p2= id) 
implies that 

[0,l]xN{K) = {-irr*xN{K), 
hence pop implies that 

Pi{K) = [ 01 = (-1)" / {rx)*H\cl>i + / 
Ji^+A JAr(_fs:) Jk 

Setting cji := (-l)"(rx)*^l</'i, the pair (wi,0i) G J^"-i(Px) x J7"(X) 
represents the valuation fii. Then 

dcji = dwi — vr^</)i; 

which is vertical. 

Similarly, with ^2 := (-l)'"(ry)*^^(/)2, the pair (a;2,</'2) G I^'^'HIPf) x 
Cl^(Y) represents fi2 and 

duj2 = duJ2 — TTy(j)2 (31) 

is vertical. 
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By definition of the exterior product in the afiine case (which is also 
denoted by M), we obtain for transversal K 

/XI M ^2{K) = X 02(K + A-KB) 

P*x4>i ^Py4>2 



K+AxB 



d(K+AxB) 



-^*XxYiP*XPl ^P*y4>2) 

N{K+AxB) 

Using (fT7|) we thus get 

lllMn2{K)=l H*TT*xy,Y{P*xPl ^Py4>2) 

Jn(K) 

HIt^Xxy{PxPi'\P*y4>2) 

H2'^XxY{PxPl^P*Y(t>2)- 



In{K) 

f 

'[0,l]xNi{K) 



[0,l]xAf2(i^) 



(32) 



Lemma EH] (with A = Mi = {0},Ni = [0,1], iV2 = M2 = K,P2 = 
id,k2 = n + m — 2) implies that 

[0,l]xNi{K) = {-ir+"'f*NiiK), i = l,2. (33) 

Next, using (|16p we see that 

H*t^*x^y{p*xPi Apy(/>2) = ^*{q*xH\■K*xPl^q^H%^:^(|)2) 

= ^*{q*xOOi AqYdu)2). (34) 



We apply (jl2p and Lemma [2. 181 (with A = {0}) to the morphism of double 
fibrations 



ri 



[0, 1] X TVi 



Hi 



n 



'^XxY 



idxrv „ ,r ^ T A''^x°Ha)xHb 

Fx X ([0, 1] X Fy) — > X xY 



Px X Py ^ 

where the vertical map in the middle is given by the composition of id x ri 
and the natural map [0, 1] x P^ x Py Fx x[0, 1] x Py. The left hand 
square is a cartesian square, but the given orientation of A/i is opposite to 
the induced one. We obtain that 

{ri)*HlTT*x^Y{PxPi Apy(/>2) = -Ti{q*x{Trx o HaYpi a qY{rY)*H*B(t>2) 

= {-ir+\t{q*xU^iAq^i^2). (35) 
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Similarly, the diagram 



rxxid. 



[0, 1] X M2 

id X 712 
([0,1] xPx) xPy 



H2 



Ha'x('^y°Hb) 



xY 



commutes. The left hand square is a cartesian square of oriented manifolds 
and therefore 



Since dN{K) = Ni{K) + N2{K), we compute that 

/ {r2)*H*TT\^y{p\pi A p*y4>2) = (-1)™+^ / <^*{q*xd{rx).H\pi A q^du^2) 
Jn2{k) Jn(k) 



{-ir / r*{q*^{rx).HyiAq*ydlI;2). 
JNi(K) 

(36) 



Next, it is easily computed that 



d{{rx).HM = {rx)*H\^, + (-l)"+^(^x o HaTpi + (-l)"vri/Ji 



(-irc^i + (-ir+icDi + (-ir7r^pi. 



(37) 



From the fact that Ni(K) is closed and from (j3ip and (j37p . we deduce 
that 



Ti{q*x{rx)*H'Xpi/\qYdoJ2) = / r*(g3s:(wi-wi-vr5fPi)Agy(a;2+vryp2))- 
Afi(_ft:) Jni{k) 

(38) 

By ([13]) and Lemma \SM 

JN^ (K) JdN(K) 



N(K) 
+ (-1 



,n-l 



^*(9xvrxPi Ag^dc^a). (39) 
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We obtain 

Jn{k) 

JNi{K) 
JN2{K) 

(by (IMD,®) 

Jn{k) 

+ (-1)"/ ri*(giwi Ag^ws) 

JNi(K) 

Jn{k) 

(by m, dMD). 
Replacing (f3T]) and ([371) into this equation gives us 

piMp2{K)= ^*{q*x[bl^q^[du2+^T*Y(t)2)) 
Jn{k) 

- / ^>*(gx(-'^i +wi -vr^pi) Agy(da;2 + vry02)) 

+ (-1)"/ ri*(g^a;i A(7^aj2) 
JAfi(A') 

+ (-!)"+! / Tl{q*x{^i -ui- 7r*xpi) A (t^2 + 



The sum of the first two terms is 

/ <^>*{q*x{uJi+TT*xPl) Aql^{duJ2+TTY(p2)) 

Jn{k) 

= 70+/ <^*iq*xTT*xPi/\qYduJ2)+ <S>*{q*xTT*xPl rxq^n^h), 

JN(K) JN{K) JN{K) 

while the sum of the last two terms is, by Lemma 14.41 

(-1)" / Tl{q*x{uJi + ^*xPl) A qY^2) 
JNi{K) 

= i-ir I 71 + (-1)" / r^{q*x^xPi A gya;2) 

JNxiK) JNi{K) 
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From ([2]) and (I18|) we infer that 
(vrxxy o L),iV(i^) 

and therefore 



(vrxxy)*iV(i^) = dK, 



N(K) 



(vrxxy o L)*{p*xPi /\Py4>2 

N{K) 

P*XPI Apy(/>2 



dK 



K 



P*x4>l /\PycI)2 



Next, by Lemma 14.41 and Stokes's theorem, we have 
/ Tiiq*x'^*xPi ^Qy^2) = <^*{q*x7r*xPi AqYU}2) 

JNi{K) JdN{K) 

Jn{k) 

= I ^ + (-1)""' / ^*{q*x^*xPi A q*YdxJ2) 
Jn{k) Jn{k) 

This gives us 
piM^i2{K) 



(70 + (-!)"«:) + (-ir 

N{K) 

which finishes the proof of Theorem [TJ 



6. Product 



Jni(K) Jk 



□ 



The product of two smooth valuations is defined to be the restriction of 
the exterior product to the diagonal in X x X. In this section, we give a 
description of the product in terms of differential forms. 

The following commutative diagram may help to understand the definition 
of the various maps which will be introduced in this section. 



No 




Mi 



Let X be a smooth oriented n-dimensional manifold. 
Let us fix the following notation: let ^1,^2 : xx IPx Px, tt : Px — > 
X and TTxxX : P — )• X x X be the natural projections. By A we will denote 
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the diagonal embedding from X to X x X and also the diagonal in X x X. 
The projections from X x X to its factors are denoted by pi,P2- 

Let us consider the fiber bundle over X consisting of tuples (x, : r/], [^'], [t]'], [(]) 
with X e X, r?] G P+(T(;^)X X X), [C'] G P+(r*X), [r/'] G P+(r*X) and 

[C] GP+(r,*x). 

Let P be the closure of the set of all such tuples with C 7^ 0, 7^ 0, ^ +r] ^ 
and \^\ = [C], \rl\ = [rj], [£,+r]] = [(]. Then P is a compact 3n — 1-dimensional 
manifold with boundary. More precisely, the boundary consists of three 
disjoint submanifolds: 

ap = A/'ouMuA/2=:AA. 

Here TVo is the set of all tuples of the form (x, : — ,^], [^], [— C], [C]); A/i is 
the set of all tuples of the form (x, : 0], [^], [■>]'], [^]) and M2 is the set of all 
tuples of the form (x, [0 : ry], [^'], [■>]], [rj]). 

We set ij : A/i P, i = 0, 1, 2 for the embeddings. 

Recall the definition of P from Section [3l Here we modify the definition 
by letting P the closure (inside Pq) of the set 

{{x,x,[^ : rj],[^],m{x,x,[C : ^]) eF\{MiU M2)} . 

In other words, we only take the part of the previously defined P where x = y. 
Then P is a 3n — 1-dimensional manifold with boundary. Instead of writing 
(x, X, : ry], [^'], [??']), we will use the simpler notation (x, : r/], [^'], [rj']). 
Let 

Z : P ^ P, 

(x,[^^],[e'],[r?'],[c])^(^,[^r?],r],[V]) 

be the natural projection and set $ := <I> o Z : P — > Px xx Px- 

Note that A/i = (Z o li)~^{J\fi) where A/i, A/'2 are defined as before and A/q 

is the set of tuples of the form (x, : — [^], [—£])■ 
Define 

Note that poli : Mi ^ Vx is a fiber bundle whose fiber is diffeomorphic to 
There is a commuting diagram of fiber bundles 

P^Pnvr^^,x(A) (40) 



wop 



PlOTTXxX 



X yx 



We orient P in such a way that the restriction of L o Z to each fiber of 
TT o p IS an orientation preserving diffeomorphism to its image (which is a 
dense open subset of the corresponding fiber of pi o nxxx)- 
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Consider the double fibration 

P 

Fx PxXxPx 
and the corresponding Gelfand transform 

GT : n*{¥x XX Px) ^ f^*""(Px) 

Lemma 6.1. Let to G n''{F). Then 

2 

dp^oj = p^(hj + o Li)^l*uj. (41) 

1=0 

Proof. Recall that the push- forward (or fiber integration) : 0*(P) — > 
r2*^"(Px) is defined by the relation 



From this, we obtain for (3 e r2^"~^^^(Px) 

Jf 

d(3 A p^LO + (-1)'^-'' / PAp^doj 



On the other hand, by Stokes's theorem, 

2 ^ 2 ^ 



[_d{p*i3Au;) = y2 f ti{p*Pf\^) = iz I (^^ip 

Jf Jat, Jp^ 



□ 



Lemma 6.2. // € r2*(Px),^ = 1,2 are vertical forms, then GT(g*(x)i A 
g2<^2) vertical. 

Proof. First note that 

7rogxo$ = 7rog2 0<i) = 7rop. (42) 

Fix a point (x, : rj], [S], [??], [C]) € P \ A/" and representatives ^, ry, C of the 
corresponding equivalence classes. Then ^ + r] = c^ for some c > 0. Set 
ai := vr*^, Q!2 := tt*i], a := vr*^. Since ui is vertical, it is (at the point 
(x, [^])) divisible by ai. Similarly, cj2 is divisible by 02- Applying we 
obtain 

$*(g]^ai A ^20^2) = A cp*a. 
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The same argument applies to each point of the fiber p and shows that 
^*{qluJi A (72^2) is divisible by p*a. The push- forward of such a form under 
p is a multiple of a by the projection formula (jlOp . □ 




Let us introduce a map := qi o ^ o lq and the diffeomorphisms 
p:¥x^ J\fo, 

(x,[e])^(x,[C:-e],[e],K]); 
(x,[e])^(x,K]). 

Then we have a commutative diagram 

t^^o (43) 

Wo 

{rd,s) 

Lemma 6.3. Let P G Then A{P) G P(X x X) is transversal in the 

sense of Definition \4-l\ If moreover P is diffeomorphic to a simplex then 

N{AP) = L^p*N{P) + p^Tr*P (44) 
Ni{AP) = {-ir{Loli),(pol,)*NiP),i = 1,2. (45) 

Proof. First let us show the claim about transversality. Since the claim is 
local we may and will assume that X is the germ of M" at the point and 

P = R^-' X X 0,_fc. 

Then we have to show that A4 intersects transversally any stratum of 
Si{A{P)). Let T be an arbitrary such stratum. Up to a linear change 
of coordinates in M", T has the following form. There exists m < k — I such 
that T consists of the elements of the form (x, x, () where x = {Ok-i,y, On-k) 
with y € is arbitrary, and ( € M" x M" belongs to the submanifold T' 
of the unit sphere of x M'' = M^" (here we identify with R" via the 
standard pairing) defined by the following two conditions: 

(a) ICI = 1; 

(b) C = {f^i fi) + where a; G M" is arbitrary, k = {Km, Ok-l-rmOi, A) 
with G R™o,A G R"-^. 

By the symmetry it suffices to show that A4i intersects T transversally. 
Since A4i is invariant under the translations by X x X, it suffices to show 
that the manifold T' intersects transversally in S*^""^ with another subman- 
ifold 

M' :={(^,0„)|eGKMCl = l}. 

Let us denote by T" and M" the cones over T' and M' respectively in 
X M". It suffices (in fact equivalent) to show that T" and M" intersect 
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transversally everywhere, except possibly 0. We have 

On the other hand T" consists of vectors satisfying the condition (b) above. 
Clearly M" is a linear subspace of M^" , and T" is an open convex cone in 
the linear subspace T consisting, by definition, of the vectors 

C = (k, k) + (w, -uj) 

where w E M" is arbitrary, k = Ok-l-m, 0^, A) with S W^, X G M""*^. 
It suffices to show that the linear subspaces M" and T intersect transversally, 
i.e. M" + f = R2". But this is obvious. 



Let us prove now the second part of the lemma. Set 

T := L^p*N{P) 
Q ■= p^Tr*P 

Tr.= {Loli),{po^)*N{P), i = 0,1,2. 
Clearly spt Tj C Mi for i = 0, 1, 2. 

Since N{P) is closed and using Lemma |6. II we compute that 

ar = (-i)"(ro + ri + r2). (46) 

Tangent vectors to the fibers olpoli,i = 1, 2 are in the kernel oi d{LoLoii), 
and hence L^Ti = 0,L^T2 = 0. Since dP = tt^N{P), applying to the 
morphism of double fibrations 




yields Tq 



■Px — ^A/'o 
{-ly+^dQ. It follows that 

dL,{T + Q) = Q. 

The integral current L*(T + Q) is given by integration over a submanifold 
of P. This submanifold is contained in the support of N{AP). Lemma 12.21 
implies that L^,(T + Q) = mN{AP) for some ra ^'L. 

In order to fix m, we let P shrink to a point x G X. Then Q weakly 
converges to 0; T weakly converges to Z*p*A^({x}) and N(AP) weakly con- 
verges to N{{{x,x)}). Applying Lemma [2.201 to (l40]) yields 

L^L^p*N{{x}) = {Lo l)^p*-K*5x 



N{{{x,x)}). 



We deduce that m = 1 and thus N(AP) 
N,{AP) = (-l)"r„i = 1,2. 



T + Q. Now (06]) implies that 

□ 
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Proposition 6.4. Given {u}i,(t>i) G n"-~^{¥x)'x^^{X),i = 1,2, define forms 
oj,(j)e n''-\Fx) X by 

(p = TT^iuJi A s*{Duj2 + vr>2)) + 01 A 7r*u;2 G (47) 

T/ien 

Do; + 7r*0 = GT(g*(Z)a;i + A g^(Da;2 + ^*02)) 

+ 7r*7r=^a;i A (i:>a;2 + vr>2) + vr*7r*a;2 A (Dwi + 7r>i) (48) 
tt^Cli = tt^ClIi a 7r*cj2- (49) 

Proof. By Lemma 16.21 and the fact that vertical forms are in the kernel of 
D, we may assume that dui = Dui, i = 1,2. 

We apply (|12p to the morphism of double fibrations 

id 

(id,s) 

It follows that 

{poIo)^fQ^*{qloJi Aq^DtJ2) = (-1)"+V*7r,(wi A s*Dw2)- 
We have a morphism of double fibrations 




-x^^^ Ml -^Fx xxPx 




(50) 



{id,n) 



idXTT 



Fx < Fx > Fx xxX 

From Lemma 12.181 and (jlip we deduce that 

{p o A q2DuJ2) = {id, 'K)*{id x 7r)*g^a;i A qlDu2 



Similarly, 



OJl A ■K*TT^,DbJ2- 



Px^^^ M2 ^Px xxPx 



Px4 

commutes and we get 




TTXid 



^XxxFx 



(po z:2)*Z:^^>*(giCJi Ag2^a;2) = {tt, id)* {n x id)^qluji A q2Duj2 

= (-l)"7r*7r*a;i ADtJ2- 
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From Lemma l6. II we get 



duj = GT{qlDuJi A ^2-^*^2) — 7r*7r*(tJi A s*DijJ2) 
+ 7r*7r*a;i A Dijj2 + Duji A 7r*7r*a;2, 



which is vertical by Lemma 16.21 
Note that ([42]) imphes that 



GT{qlTT*<l)i A q*2DuJ2) = GT(g]"L>wi A 92^*^2) = GT(g5'7r*0i A g2^*(/>2) = 0. 



(51) 



Indeed, tangent vectors to the n-dimensional fibers of p are in the kernel of 
d{TT o o and are mapped to horizontal vectors under d{q2 o $). 



Hence 



Dud + 7r*(/) = GTiqlDudi A qlDu:2) + vr*7r*tJi A {Duj2 + tt*4>2) + {Dloi + vr*(?:)i) A 7r*7r*a;2 
= GT(g*(L>6<Ji + 7r*(/)i) A g|p6<j2 + vr*(/)2)) 

+ 7r*7r*u;i A (Da;2 + vr*(/)2) + 7r*7r*a;2 A (-Dwi + 7r*0i). 

The degree of GT(g]'(x>i A g|Dc<j2) equals the dimension of the fiber of the 
map nop. Since all vectors which are tangent to the fiber are mapped to 
horizontal vectors under q2 o ^ and since Du}2 is vertical, it follows that 
TT* GT{qlu;i A ^2-^6^2) = 0. Hence (09]) follows from the second part of (|471) 
and the projection formula (jlOp . □ 

Proof of Theorem [B Let X be an n-dimensional (oriented) manifold; let 
fii e V°°(X) be represented by (wi,0i) e ^"-^(Px) x Q'^iX). We have to 
show that the product /ii • 112 is represented by the forms cj, in (j47|l . 

Let P S ^(^)- Triangulating it, we may assume that P is diffeomorphic 
to a simplex. We use the forms 70, k,7i which were defined in (f20j) - (f24j) . By 
definition of the product and Theorem [T] (and using [[AP]] =0), we obtain 



/ii-/i2(P) = /Ui^/^2(AP) = / (7o + (-1)"ac) + (-1) 



Jn{ap) 



71- (52) 



Afi(AP) 



Prom (|5ip and the definition of GT we obtain 




(53) 



(54) 
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By (03]) we get 

/ (70 + (-1)"k)= / (^^1 As*(L»a;2 + 7r*02) + (-l)"vr>i As*^^2) 

Jp,7r*P A-IP 

). (55) 



From (fTTI) , ([SU]) , and Lemmas 12.181 and 16.31 we deduce that 

71 = (-1)"(Z o tMP°^i)*N{P)iTUq*iOJi A 92*^^2)) 

Afi(AP) 

= (-1)" / (zd,7r)*(id X 7r)*(g*wi Ag2^2) 



(-1)" / wi A7r*7r,a;2. (56) 



Prom ([52]), ([53]), ([M]), ([55]), ([56]) and LemmaOwe get 

fii-fi2{P)= / GT(g]'a;i A g2^u;2) + / wi A 7r*7r=,u;2 + / 
Jn{p) Jn{p) Jp 



IN{P) 

which finishes the proof of Theorem [2l □ 

7. Functional calculus on valuations 

We will use Theorem [2] in order to introduce a system of seminorms on 
V°°{X) which behaves well under the product and defines the usual Frechet 
topology on V°°{X) introduced in [5], Section 3.2. This will enable us to 
show Theorem [3l 

Proof of Theorem 0. Let /i be a smooth valuation on an n-dimensional man- 
ifold X. Let f{z) = '^'kLo^kZ^ ,CLk S C be an entire function. We have to 
show that 

oo 

/(/.):= J] afc/ (57) 

k=0 

converges in V°°{X). Given a compact subset K C X, a Riemannian metric 
5 on X and m € N, we let || • ||i<',g,m denote the usual C™-seminorm on 
smooth forms on X (with respect to K and g) and let |[ • \\n-'^{K),g,m be 
the C""-seminorm on forms on Fx (with respect to 7r^^{K) and the Sasaki 
metric g on Px)- 

We define a semi-norm on V°°{X) by setting 

11/^1^,3,™ := inf { \\^^\\n-'^{K),g,m + 1 1 1^,9,™} , 

where the infimum is over all pairs {uj,(j)) E Q,^~^{Fx) x Cl'^(X) which rep- 
resent n- 
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This topology is precisely the quotient space topology of n''-^iFx) X 
0,^{X). The system of seminorms || ■ || i<',3,m defines the Prechet topology on 
V°°{X). Given G Q'^-^iFx) x O'^(X) {i = 1,2), define w and (p by 

(|47p and set /x := ■ ^2- Since the Rumin operator D is a second order 
differential operator, we obtain 

Il'^ll7r-i(_ft'),g,m ^ C K ,g,m\\^l\\'K-^ {K),g,m ' ll'^2 ||7r-i(X),3,?Tt+2 

with a constant CK,g,m depending on K,g,m. Similarly, 

||</'lk,g,m < CK,g,m\\^l\\n-'^{K),g,m ( 11^2 L-l {/^),9,m+2 + \\4>2\\K,g,m) 

+ II'/'iIIa',!?,™. • ll^2||7r-l(E'),g,m- 

These inequalities imply 

Wf^l ■ f^2\\K,g,m < C^^g^j^\\fli\\K,g,m ' ||/^2 ||_ft',g,m+2- 

In particular, for every smooth valuation /u G V°°{X) 

11^ \\K,g ,m\\lA\K,g,in ' \\lA\K,g,m+2- 

By iteration 

,m} \\^^\\K,9,^m\\^^\\K,g,m+2^ 

(58) 

We multiply ()58p by \ak\ and sum over all k to obtain that ()57p converges in 
the II • llftf^g^m-norm. Since this holds for all K, g, m, the theorem follows. □ 

8. Product of generalized valuations 
A generalized valuation on a manifold X is an element of the dual space 

v-^{x) := {v^{x)y. 

Recall that compactly supported valuations can be represented by classes 
of pairs ((^,</>) G il"~^(Px) x Q^{X) modulo the equivalence relation 

(a;i,(/)l) ~ (cJ2,</'2) DUJI + 71*4)1 = DU}2 + TT*(f)2,'^*^l = T^*^2- (59) 

The embedding Hqo : V°°(X) ^ V~°°{X) which is given by 

Soo(^)(j^) = j li-v 

can be described as follows. If ^ is represented by the pair {uj,(j)), then 
Hoo(/i) is given by the pair of currents 

T = FxLS*iDuj + 7T*<P) G P„-i(Px), 

C = X^TT^UJ G Vn{X). 

This follows at once from Theorem ([2]) (and was earlier proved in p3]). 
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By ()59p we obtain that generalized valuations are in one-to-one corre- 
spondence with pairs (T,C) € X'„_i(Px) x satisfying the following 
three conditions: 

T is a cycle, i.e. dT = 0; (60) 
T is Legendrian; (61) 
vr,r = dC. (62) 

Lemma 8.1. A generalized valuation ^ £ V^°°(M'^) which corresponds to a 
pair of -smooth currents {T,C) belongs to V°°(M"). 

Proof. Since T is smooth, there is a smooth n-form k on P^n such that 

T{uj) = K Auj 

for each w E f^Jf^^PRn). 

Similarly, since C is smooth, there is some smooth function l on M" such 
that 

C{(P) = [ LA(j) 

for each </> G nj^(]R"). 

By conditions ([60|) . ([6T]) and ([62]) . k is closed and vertical, and tt^k = 
(— l)"d/,. Since s is a contactomorphism, s*k is also closed and vertical. 
The de Rham cohomology group H'^{¥^n) vanishes and hence there is some 
uj' £ 17"-i(PMn) with Duj' = duj' = s*K. 

Then 

d-Ki^oj' = TT^duj' = ■K^:S*K = (— l)"7r*fi; = di. 
Hence vr^^ci;' — l = c for some constant c. 

Let p € ri"~^(P]Rn) be a transgression form, i.e. dp = and n^p = 1. 
Set uj := uj' — cp. Then Du = Duj' = s*k and tt-^uj = t. It follows that 
T = ¥^Ti]_s* Duj and C = Xltt^w which means, by Theorem [21 that the 
generalized valuation ^ is represented by (w,0) G 0"~^(PRn) x r2"'(R"), in 
particular it is smooth. □ 

For closed conic subsets A C r*X\0, P C T* Fx \0, such that d-K^:T C A, 
let us denote by V^'j?(X) the space of generalized valuations corresponding 
to pairs (T, C) such that 

WF(T) C r, WF(C) C A. 

Then V;^r (^) is identified with a subspace of C7-°°(Px, 0"-i) eC^°°(A:) 
which is readily seen to be closed. We equip V^^(X) with the induced 
topology. 

Lemma 8.2. Let G V^^(M") be a generalized valuation on M" given by 
a pair of currents (T,C) G P„_i(PKn) x P„(]R"'), namely 

WF{C) C A, WF{T) c F. 
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Then there exists a sequence of smooth valuations C V°°(M'^) corre- 
sponding to currents {Tj,Cj) such that ^ in V^^(X). 

Proof. Let G be the group of all affine transformations of M". Let fij be a 
sequence of smooth compactly supported measures on G with integral 1 and 
whose support converge to the identity element e (z G. Define 

Jg 

Then corresponds to the pair of currents 

Since G acts transitively on M" and on P^n the currents Gj and Tj are 
smooth by Proposition EJl Then by Lemma OCj G V°°(M"). The rest of 
the statements follows from Proposition 12.141 

□ 

The next theorem defines the partial product on generalized valuations 
under appropriate technical conditions. These conditions are formulated in 
the language when X is affine; however the conditions do not depend on 
on a choice of local coordinates, and it is not hard to rewrite them in an 
invariant way. 

Theorem 8.3. Let Ai,A2 C T*X\0, ri,r2 C T*Fx\0 be closed conic 
subsets such that dir^iTi) C Aj, i = 1,2. Let us assume that these subsets 
satisfy the following conditions: 

(a) Ai n Ai = 0. 

(b) rin((i7r*(A2))^ = 0. 

(c) r2n(d7r*(Ai))^ = 0. 

(d) // (x, [S,i],Ui,0) G Fj for i = 1,2, then m ^ -U2. 

(e) //(x,[e]) GPx and 

(n,7?i) € ^i\(x\i]) 

{-U,r]2) € r2[(a;,[-5]) 

then 

where Q: P^x^Px ^ P^x^IPx is defined by 0{x,[^i],[^2]) = 

(^,[6], [-6]). 

Then there is a unique separately continuous bilinear map, called a partial 
product, 

satisfying the properties (l)-(3) below. 
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(1) Commutativity: // /Ui, /i2 G V^°°(X), then 

fJ-i ■ fJ'2 = 1^2 ■ fJ-i (63) 

whenever both sides are defined. 

(2) Associativity: // /ii , /i2 , € V~°^(X), then 

{m ■ H2) • = /Ui • (/i2 • Ais) (64) 

whenever both sides are defined. 

(3) Extension of the smooth product: If fj,i,fi2 G V°°{X), then Hoo(/Ui) ■ 
Soo(/U2) exists and 

Hoo(Ail) • Hoo(/i2) = Hoo(/Ul • Ai2)- (65) 

Proof. We keep the same notations as in Section [6l Let generalized valua- 
tions iii £ Vj^°^ {X),i = 1, 2, be represented by pairs (Tj, Cj) S P„_i(Px) x 
VniX) with Tj a Legendrian cycle and 7r*Tj = SCj. We define 

T := (-1)" GT(g*ri n qlT2) + 7r*C7i n Ts + Ti n 7r*C72 G P„_i(Px), (66) 
C:=CinC2 GP„(X) (67) 

and let //i • jU2 G V~°°(X) be represented by (T, C). This is motivated by 
the above remark concerning the embedding Sqo and Proposition 16.41 

To prove part (1), we have to show that under the conditions (a)-(e) the 
currents T and C exist, that T is a Legendrian cycle and that tt-^T = dC . 

Since qi, q2 are submersions, the pull-backs q*Ti are well-defined currents 
by Proposition 12.71 

By definition, 

qln n q*2T2 := {qlTi M qlT2) H [Fx ^x] 

once the right hand side is defined. Using Remark 12.81 and Proposition 12.51 
(iii), this is the case provided 

(Pi K r2) n Tp*^ (Px X Px) = (68) 

where we denote Pi K r2 = (Pi x P2) U (Pi x 0) U (0 x P2). 

The fiber of Tp^ ■xxVx^'^^ ^ "^^^ arbitrary point (x,x, [^1], [^2]) G 

Fx Xx Fx is equal to 

^PxXxPx(IP^ xIP^)l(-,-,Ki],[6]) = {(n,0,-n,0)|n Gr;X}. (69) 

Hence (|68|) is equivalent to condition (d). 

Note that, if condition (d) is satisfied, by Proposition I2.5( iii) a point in 
WF(g*Ti n ^2^2) has one of the following three forms: 

{x, [6], [i2],ui + U2,Tni,m), {x, [ii], [6],?^i,r/i,0), {x, [^1], [6], ^^2, 0,772), (70) 

where (x, [^j], Uj, 7?j) G Pj, i = 1, 2. 

Let us consider the map $ = <1> o L where 

P P ^ Px xxIPx • 
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Recall that $ is a submersion with fibers diffeomorphic to a closed seg- 
ment, and L is the oriented blow up of P along the smooth submanifold 
(without boundary) 

^:={(x,[e:-e],[e],K])}cP. 
Let us denote by A the diagonal 

A:={(x,[^],[C])} CPxXxPx. 
Fix an arbitrary point a = (x, : — [^], [— ^]) G A and set 

6:=$(a) = (x,[C],K]) ePxXxPx, 

Clearly the $-image of ^4 is a smooth submanifold ^{A) which is equal to 
0(A) (where, we recall, 6 is the involution 0(x, [^i], [^2]) = (^^i [~'?2]))- 
Thus 

d$(T,^) = (i0(r,(,)A). (71) 

Note that 

Tl{¥x XX Px)|c = {(0,/, -01 / e Tf*] Px}. 

If C e ^¥{qlTlf^qlT2)\b is of the form (x, [C], K], ui, 0) or (x, [C], K],tX2,0, 
then clearly dr(C) r^(Px xxPx)|c. 

If C is of the form (x, [^], [-^], ui + ii2, ^^2) with (x, [^], ui, r/i) G Ti 
and (x, [— n2, r/2) € r2, then condition (e) of Theorem 18.31 implies that 

<ir(c) 0r^(PxxxPx)!c. 

Using dZO]) we get that for any C, € WF(Q'jri n Q'2^2)|fe the restriction of C 
to the subspace ([71]) does not vanish. Thus by Proposition 12. 1 1 1 the pullback 
^*[q\Ti n (72^2) is well defined, which implies that the first term in ()66p is 
defined. 

By Propositions 12. 7| 12.91 and conditions (b) and (c), the intersections 
7r*Ci n T2 and Ti fi 7r*C2 exist. Similarly, condition (a) implies that the 
intersection Ci n C2 exists. 

This shows that T and C are well-defined. The separate continuity of the 
map 

((ri,Ci),(r2,C2))^(r, c) 

follows from the continuity properties in Propositions 12.71 12.91 and I2.13[ 

Before we show that T is a Legendrian cycle and tt-^T = C, let us prove 
(I65D . Suppose that = 1,2 is presented by {uji,(j)i) € 0"-^(Px) x J7"(X) 
and that the product /Ui • fi2 is represented by (w, (?!>). Setting 

:= [Fxys*{Dui + cl)^) 

T:= [Fxys*{Duj + cl)) 

Ci := [X]]_Tr^uJi 

C := [X]L7r*a; 

we have to show that ([66]) and (f67|l are satisfied. 
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Since tt^lo = vr^cji A 7r*a;2 by (^91) . we clearly get C = Ci n C2. Now we 
compute 

GT((?i*ri n q*2T2) = p.^*{[Fx XX FxUls*{DiOi + tt*^^) A q*2S*{Di02 + 7r*</)2)) 
= p4Fy^*{qls*{DuJi + vrVi) A q^s*{Duj2 + vr>2)) 
= (-l)-(3"-i-2") [P;,]Lp,^*(gi*s*(Z)a;i + A q*2S*{Du2 + 7r>2)) 

= [Fx^GT {qls*iDuJi + 7r*(/.i) A g^s^pc^a + 7r*(/>2)) 
= (-1)"[Px]ls* GTfe*(Z)c^i + 7T*<l>i) A <?2*(^a;2 + ^*02)). 

Next, 

7r*Ci n r2 = [Px]L7rV,wi n [¥xys*{Doj2 + ^*02) 
= [Px]LS*(7r*7r,a;i A (Da;2 + 7r>2)) 

and similarly 

Ti n ^*C72 = [Px]LS*(^*vr,W2 A pt^i + tt*^i)). 
These three equations and ()48p imply 
(-1)" GT(gi*ri n q^T2) + 7r*C7i n r2 + Ti n 7r*C2 = [Fxys*{Du + n*^) = T. 

Now let us return to the situation of generalized valuations. Recall that 
we have to show that if //j G V^°^.(X), i = 1,2, and T,C are defined by 
(f66l) . (f67l) then T is a Legendrian cycle and 7r*T = C. First observe that if Hi 
are smooth valuations then this is true because of just proven compatibility 
of the partial product on generalized valuations with the product on smooth 
valuations (in this case the pair (T, C) corresponds to the valuation ^1 • 112)- 
In general, the question is local hence we may and will assume that X = M". 
By Lemma 18.21 there exist two sequences of smooth valuations ^ij — > /Xj in 
V]^°^.{X) as j — >• 00, i = 1,2. Then by continuity fiij ■ ^2,j — ^ A*i • in 
V~°°(X). This means that when j — )• cx) one has Cjj — > Ci in 'Dn-i{X), 
Ti j — )■ Ti in 'D„(Px). The result follows by continuity. 

Commutativity and associativity of the product on generalized functions 
(i.e. equations (p3]) and (f64]) ) are easily proven, using the fact that the 
intersection product fl is (graded) commutative and associative whenever it 
is defined. 

The uniqueness of the partial product follows from separate continuity of 
it, property (4) of the theorem, and the fact that V°^{X) is dense in V^p(X) 
by Lemma Is. 2[ 

□ 

9. Product and intersection of manifolds with corners 

In this section, we give a precise form to the statement that the product 
of valuations corresponds to taking the intersection of sets. In a slightly 
more general form, this was conjectured in [6]. 
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The space V{X) of compact submanifolds with corners is also embedded 
in V^°°{X), by the map 

Ep -.vix) ^y-'^ix) 

Proof of Theorem\^ Let be compact submanifolds with corners 

which intersect transversally. We have to show that the product of the 
generalized valuations H-p(P*^^)) and H-p(p(^)) exists and equals H-p(p(-^) n 

p(2)). 

Let us first show existence. 

Let us fix two submanifolds with corners 

p(i)^p(2) c X. Assume more- 
over that they intersect transversally in sense of Definition 12.171 Let 

ri:=Ar(p«)eZ)„-i(Px), 

Q :=P» GZ)„(X), i = l,2. 

We have to check the conditions (a)-(e) of Theorem 18.31 
Let us fix an arbitrary point xq G P^^^ fl P^^^ . Since are submanifolds 
with corners, in a neighborhood of xq there exist smooth functions 

such that 

• these functions vanish at xq; 

• in a neighborhood of xq 

P« = {xl f?{x) = ■■■ = /(f (x) = 0, gf{x) > 0, . . . (x) > 0}; 

• for each z = 1 , 2 the sequence 

V/P(xo), . . . , V/if (xo), V5P(xo), . . . , Vgf^ixo) € T^^X (72) 

is linearly independent. 

By the assumption of transversality of P^^^ , P*^^^ the union of sequences 
([72D over i = 1,2 

V/J')(xo), . . . , V/iJ)(xo), V5i'^(xo), . . . , V<7{'^(xo), 

V/f )(xo), . . . , V/if (xo), V^f ^(xo), . . . , V<7;f (xo) 

is linearly independent. We can choose smooth functions hi,..., he such 
that the union of the former sequence with V/ii(xo), . . . , V/ie(xo) form a 
basis of T*^^X. Then in a neighborhood of xq all the functions 

form a coordinate system. 
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Thus we may assume that 

X = M'' X X X M'^ X (73) 

= X X X M'^ X M% (74) 

p(2) = X X X M^o X I^"" (75) 

and xq = 0. Here we abuse the notation and denote a = ki,b = k2,c = 
h,d = h- 

To check (a) we note that the fibers of the wave front at satisfy 

WF(p(i))|o C M''* X X M^* X X 0, (76) 

WF(p(2))|g c X M^* X X E^* X 0. (77) 

It follows that WF(p(i))|o n WF(P(2))s|q = 0^ ^^ich is condition (a). 
Let us denote 

L := M"' X R'^, 
M := M'' X M'^ X W. 
Thus M" = L X M. By Proposition EJH for any (x, [i]) G Px 
WF(7r*C7i)|(,,[g]) C d^*(WF(Ci)) = {(/,0)| / G WF(Ci)U}. 

Hence 

WF(^*Ci)I(o,[5]) C (L* X OmO X Or*j p^(Kn.) (78) 

where 0^*^ p+(ir"*) denotes the zero vector in the cotangent space T*^^ P_|_(M"*). 
Next = L X Ml where Mi = x M^g x Hence 

iV(p(2)) = 2. X iV(Mi) C P+(T*(L X M)). 

Then by Proposition I2.5( iii) 

WF(r2)|(o,[^]) C (Oi. X M*) X r[*](P+(M"*)). (79) 

Clearly (I78l)-(I79|) imply that 

WF(7r*Ci)|(o,K]) n WF(r2)^|(o,[5]) = 0. 

This is condition (c); condition (b) follows by symmetry. 

To check the condition (d) let us assume that (0, [^i], [^2]) G Px and 

(7X,0) GWF(Ti)I(o,[5,]) cr(t,^[^^])(Px), 
(_^,0) G WF(r2)|(o,[5,]) C T(*o^[g,])(IPx). 
Using Proposition I2.5r iii). the equations ([7i|) . (f75|) imply respectively 
n G E''* X X M^* X X 0, - n G X M''* X X M'^* X 

and hence n = 0. But this is impossible since (n, 0) G WF(Ti). Thus 
condition (d) is satisfied. 
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Let US check conditions (e). Let us fix (0, [S]) G Fx- Assume that 
(u,r/i) G WF(ri)|(o,[^]), 
GWF(r2)|(o,[e])- 

For an M>o-invariant set U let us denote P+(C/) := (C/\{0})/M>o. It is 
easy to see that the fibers of N{P^^^) over are equal to 

Ar(p(i))|o = (M»* X X M|*o X X O) , 
Ar(p(2))|o = F+(oxR^* xOx R% x o) . 
We easily conclude that 

G P+ (M"* X X M|*o X X O) n P+ (^0 X M^* X X R% x = 0. 

This is a contradiction. Hence condition (e) is vacuous. 

This establishes the existence of the product S-p(P(^)) • Hp(p(2)). It re- 
mains to show that this product equals Hp(P(^) n P^^^). 

We define T and C by dM]) and ([67]) and want to see that T = iV(p(i) n 
P^'^^),C = P^^^ n P^'^\ The second equation is obvious. For the first one, 
we let (x, [C]) G sptGT(g5'ri n g^Tg). Then there exist (x, [^]) G sptTi and 
(x, [r/]) G sptr2 with ^ + 77 = (. This implies (x, [(]) G iV(Pi n P2). 

If (x, [C]) G spt7r*Ci n T2, then x G Pi and (x, [(]) G sptr2. Again we 
deduce that (x, [C]) G iV(P(i) n P(2))_ a similar argument gives sptTi n 

We have shown that 

sptr c Af(p(^) np(^)). 

By Lemma 12.2^ 

1 = m 

jv(p(i) np(2)) 

for some integer m. 

In order to fix m, we compute 

m7r,A^(p(i) n P(2)) = 7r,T = 9C = d{P^^^ n P^^)) = 7r,iV(p(i) n P^^)). 
Hence m = 1. □ 

10. Kinematic formulas in compact rank one symmetric spaces 

Let X = G/H be a compact rank one symmetric space. Since X is two- 
point homogeneous, the induced action of G on ¥x = P+(r*X) is transitive. 

Since we can average over the G-action, every smooth G-invariant valu- 
ation /i on X is represented by a pair {u;,(p) G i}"~^{Fx) x i^^iX) of G- 
invariant forms. In particular, V°°{X) is finite-dimensional. Let ^pi, . . . , ip^ 
be a basis of V~(X)^. 

Let dg be the unique Haar measure of volume 1 on G. Fu, using a slightly 
different language, showed in [22] that for each ^ G V°°{X)^ , there exist 
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constants c^^- € C such that for all Pi,P2 € 'P{X) the following kinematic 
formula holds true: 

N 

/ //(Pi n gP2)dg = c^j^i{Pi)^AP2). (80) 

Similarly as in [23j, we define a map 

kc : V°°(X)^ ^ V^CX)"^ O V°°(X)'^, 

TV 

Let 

niG ■■ V°°(X)^ V~(X)^ ^ V°°(X)^ 

be the restriction of the multiplication to smooth G-invariant valuations. 
The Poincare duality proved in [5] implies that there is an isomorphism 

p : V^{X) V"°°(X) 

such that 

(p(/x), iy)= y" /X . = (/X . v){X), 1/ G V^{X). 
\G 



With ic : V°°{X)^ ^ V°°(X) being the natural inclusion map, we let 
G 



PC ■.= i%opoiG ■.V°^iX)^ (X)^* . 



Proof of Theorem\^ Let us fix a basis ipi, . . . ,ipN of V°°(X)'^. We set gij := 
(pG'-Pi^^j)- This is an invertible symmetric matrix, whose inverse will be 
denoted by {g^^). 

For (j) e V°°(X), the valuation (jf := g*4>dg is invariant. Hence we can 
express it in terms of our basis as 

N N 
i,j=l i,j=l 

For u E V~°°(X)'^ we obtain that 

N 

and thus 

v = p(^g'\v,^i)^}j (81) 
is smooth. In other words, every G-invariant generalized valuation is smooth. 
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We have to show that the following diagram commutes 



PG 



V^iX)^ (g) V°°(X)'^ _PG^PG_^ V°°{X)^* (E) V°°(X)'^* 

Fix fi G V°^(X)'^ and Pi,P2 G ^(^)- Whenever 31,52 are such that 
giPi n g2P2 intersect transversally strata by strata we can apply Theorem 
[5] to get 

KgiPir\g2P2) = {E'p{giPing2P2),fi) = {^vigiPi) ■^v{92P2),ij) ■ 

Integrating this equality over G x G we find 



/x(Pi n 9^2)^5 



G 



K91P1 n 52 ^^2) 451,52) 



GxG 



/ '^rigiPi)dgi ■ / E-p{g2P2)dg2, fJ- 
Jg Jg 



(82) 



By ([ST]) we have 



N 



j Er{gP)dg = 9''^j{P)p^ 
Plugging this into ([52]) and using we find 
n{PingP2)dg = (p 



G 



N N 

g'^^i{Pi)^k ■ Yl 9^^VjiP2)^i I 
,fc=i iJ=i 



N I N \ 

= E E • '/'O,;") <^i(^i)V',(^'2) 

i,j=i \k,i=i ) 

Comparing with (j8U|) . we see that 

Af N 

^ti = E 9'''9^Hp{^k ■ ipi),f^) = Y 9''^9^\vG^J','^Pk ■ ^l)- 
k,l=l k,l=l 

For s,t = 1, . . . , N we obtain 

= Y 9'''g^^9isgjt{PGfJ','Pk ■ ^i) 

i,j,k,l 
= {PGf^, ■ Vt) 



□ 
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Remarks: 

(1) A similar theorem in the translation invariant case was proven in [17], 
based on [23]. Roughly speaking, the algebra structure on V°°{X)'^ 
(respectively Val*^ in the translation invariant case) determines the 
kinematic formulas for the group G and vice versa. This observation 
was used in [18] to write down explicitly the principal kinematic 
formula for hermitian vector spaces. We hope that Theorem [6] will 
be the starting point for a similar treatment of kinematic formulas 
on compact rank one symmetric spaces. 

(2) We used the compactness hypothesis at several places. It would be 
interesting to have an analogue of Theorem [6] in the non-compact 
case. 
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